single bunch of N electrons in the ring, and that this bunch is interacting with the wake field due to a resonant mode of an RF cavity. The resonant frequency of the mode is wr, its shunt impedance is R and the quality factor is Q. The wake field w(t) vanishes for t < 0, and for t > 0 is given by w(t) = 21'R exp(-ft) [cosw t .Q sinwt]
Self-sustained synchrotron oscillations are observed in electron storage rings. In general the theoretical description of the saturation of an instability for large oscillation amplitude is a difficult problem, and techniques have not yet been developed which yield analytic approximations to the appropriate nonlinear Vlasov or Fokker-Planck equations. In this paper, a single point bunch interacting with the wake field from a single resonant mode of an RF cavity is considered, and the averaging method of Bogoliubov and Mitropolsky' is used to study the saturation of the initial exponential growth of the oscillation amplitude, due to the nonlinearity of the wake field. The determination of the limiting amplitude of oscillation is discussed both in the presence and in the absence of radiation damping.
Equations of Motion
In a storage ring, the electrons in a bunch execute synchrotron oscillations with angular frequency Ws about a synchronous electron having energy Eo and revolution period To. Suppose there is only a single bunch of N electrons in the ring, and that this bunch is interacting with the wake field due to a resonant mode of an RF cavity. The resonant frequency of the mode is wr, its shunt impedance is R and the quality factor is Q. The wake field w(t) vanishes for t < 0, and for t > 0 is given by w(t) = 21'R exp(-ft) [cosw t .Q sinwt] (1) where r = wr/2Q. We shall assume that Q is large enough to allow neglect of the sin trt term in Eq.
(1). At time t = 0, the wake field w(O) = rR.
Let us assume the bunch length is short compared to the wavelength of the resonant mode so the cons ideration of a point bunch is justified. We denote the time displacement of the point bunch from the synchronous particle by T(t), which is taken to be positive when the bunch leads the synchronous particle. Assum 
we make the approximation,
in Eq. (3), which will be valid for small enough p, if the wake field does not alter the synchrotron motion rapidly compared to the synchrotron frequency. Assuming that values of p for which Eq. (5) is violated make a negligible contribution to the sum on the right hand side of Eq. (3), the equations of motion for J and 6 are found to be: 00 dJ/ds=-2XV7TsinQ i exp(-prT )cos(pae+2fJsi PB. sin(6 P.))
The lowest-order averaging approximation is obtained by averaging the right-hand side of Eqs. (6) over 0 < 6 < 2ir.
This will be valid when X is small enough to assure that the wake field produces significant change in the synchrotron motion only on a time scale long compared to the synchrotron oscillation period. Upon averaging the right-hand side of Eqs. (6) over 0, we obtain co dJ/ds=2X1T I exp(-prT )cos4-sinpaJ,(2V5sinE) p=l 0 2 p2 (22) and we have made the small angle approximation sinp P. Of course, sina is taken to be positive so that one has exponential growth, not decay. 
where w0 = 2ir/T is the angular revolution frequency.
Although the synchrotron oscillation is sinusoidal with frequency w , the higer-order sidebands at kws (k>l) will be observed on the pick-up for large amplitude A.
We have made a numerical check of the averaging approximation by considering the recursion relations:
Pn+-Pn -Kqn + Asinpn (28) q = q +n+1
